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Introduction

These mark schemes are published as an aid to teachers and students, to indicate
the requirements of the examination. It shows the basis on which marks were
awarded by the Examiners and shows the main valid approaches to each question. It
is recognised that there may be other approaches and if a different approach was
taken in the exam these were marked accordingly after discussion by the marking
team. These adaptations are not recorded here.

All Examiners are instructed that alternative correct answers and unexpected
approaches in candidates’ scripts must be given marks that fairly reflect the relevant
knowledge and skills demonstrated.

Mark schemes should be read in conjunction with the published question papers and
the Report on the Examination.

The Admissions Testing Service will not enter into any discussion or correspondence
in connection with this mark scheme.
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1
L= |——d
1 fx2+2ax+b X

x+a=+b—a?*tanu
dx
— =+b—a?sec’u

du
M1 Al

Vs
2
f b —a?sec’u f b —a?sec’u
S (b —a?)tan?u+ (b — az) (b —a?)sec?u
2

M1 A1l M1

(6)
(ii)

L= J‘ 1 x f —2nx(x + a)
") (x? 4 2ax + b)" (x2 + 2ax + b)" (x% + 2ax + b)n*1
M1 Al
_ f x? + ax _, f x?+2ax+b ax+b 4
" (x%2 + 2ax + b)”+1 " (x2 4+ 2ax + b)**1  (x2 + 2ax + b)n+1 x
M1 Al
= , f %(2x+2a) . b — a?) .
n = ftip T an (x%2 4+ 2ax + b)"*1 * (x2 + 2ax + b)nt! x
M1
—a °
2
I, = 2nl, —2n o Za’; rysry 2n(b — a4y

— 0o

Al

2n(b — a®)l = 2Cn— DI,

Al* (7)

2k — 2 .

S L, =—— f t k,k>1

(iii) Suppose I} sz—z(b_az)k-%( I —1 ) or some integer

Bl
2k-1 T 2k —2 T 2(2k-1) (2k — 2
Then [ = = X
€N Dt 2k(b-a?) 22k‘2(b—a2)k_%( k—1 ) 22k(p—q2)K+ k ( k—1 )

M1

45



22k —=1) 12k =2 _2(2k—1) 2k —2)! _2k(2k—1) 2k —2)!
k (k—l)_ k k-—D'(k-1) kk (k=D (k —1)!
so result true for k+1. M1 Al

Forn=1,

™ (2n—2)_ ™ 0 ™

1 _ = 1 = 1
2m-2(p— a2z "1 a2z Y a2y

M1 A1l

which is the correct result.

So result has been proved by (principle of)(mathematical) induction. dB1 (7)
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)
=
Il

d
at? =>d—i = 2at

— ay _
y—2atz>dt—2a

Thus, the gradient of the normalat Qis —q . M1 Al

2ap-2aq _  2a(p—q)

But this normal is the chord PQ and so has gradient
So —q = ﬁ which rearrangesto q? + qp + 2 = 0 A1*(5)

(ii) Similarly, 72 +rp+2 =10
B1

—-(2+q?) _ —(2+1?)

Making p the subject of each result, p =

So 2r—2q+q*r—qr?=0
20 =) —qr(r—q) =0
As r—q)+#0, gr=2 M1A1

y-2aq _ y-2ar

The line QR is

x-aq?  x—ar2

Thatis xy — 2aqx — ar?y + 2a%qr? = xy — 2arx — aq®y + 2a?q®r
2ax(r —q) —a(r?> —q?)y + 2a%qr(r—q) =0

Again,as (r—q) #0,and# 0, 2x — (r+ q)y + 2agr =0 M1A1

Because qr =2, QRis 2x—(r+q)y+4a=0

2
= =— M1A1
ap?-aq? a(p-q)(p+q)

ptq

Sowhen y =0, x = —2a and thus (—2a,0) is a suitable fixed point. B1 (6)

(iii) Because g2+ qp+2 =0 and 72+ 1rp + 2 = 0 subtracting gives
q*—r*+qp-rp=0

Again,as (r—q)#0, q+r+p=0 M1A1

Sotheline QRis 2x +py +4a =0 M1

The line OPis y=iaTZx i.e. y=§x B1

Thus the intersection of QR and OP is at (—a, _Tza) , Which lieson x = —a . B1(5)

-2 2q 2r

P 2+q%  2+r2

Suppose k = _73, then kq? —2q+2k=0 M1
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As this equation has two distinct real roots, g and r, then the discriminant is positive M1

and so

4—8k?>0 Also k? < % that is —% <k< \/—17 which means that the distance of that point of

a

intersection is less than
V2

from the x axis. A1* (4)
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3. (i)

d (Pex> _ Q(Pe* + P'e™) — Pe*Q’

dx\ Q Q2

. . d (pe* 3-2 .
It is required that —(i) =7 e” so it follows that
dx \ Q (x+1)2

[Q(Pe* + P'e*) — Pe*Q'](x + 1)? = (x® — 2)e*Q?
M1 A1
Thus,
[Q(P + P") — PQ'I(x + 1)? = (x* — 2)Q?
Letting x = —1,0 = —3[Q(—=1)]? so Q(—1) = 0 and thus Q has a factor (x + 1) as required.
M1 A1 (4)
Suppose that the degree of P(x) is p and that of Q(x) is q. M1

Then the degree of P'(x) isp — 1 andof Q'(x) is g — 1
So P+ P’ hasdegreep, Q(P + P') hasdegree p+q, PQ' hasdegree p+q—1,
[Q(P + P") — PQ'] has degree p + q, and thus [Q(P + P") — PQ'](x + 1)? has degree p + q + 2

Al
(x3 — 2)Q? hasdegree 2q + 3
Thus p +q + 2 = 2q + 3 which means that p = g + 1 as required. Al (3)
If Q(x)=x+1, Q'(x) =1,andso
x+1DP+P)-P=x>-2)
M1 A1
Thatis xP + (x + 1)P' = (x3 - 2)
P(x) =ax?+bx +c andso P'(x) =2ax+b B1
Therefore x(ax? +bx+c)+(x+1)Rax+b) = (x3-2) M1
and equating coefficients
a=1,b+2a=0,c+2a+b=0,b=-2
Al

These equations are consistent, with a = 1,b = —2,¢c = 0 so P(x) = x? — 2x Al (6)

. . d x
(i) For such Pand Q to exist, — (Pi) =1 g%
dx \ Q x+1
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and so
[Q(Pe* + P'e*) — Pe*Q'](x + 1) = e*Q?
M1

and

[Q(P +P) = PQI(x + 1) = @
Al
Letting x = —1,0 = [Q(=1)]? so Q(—1) = 0 and thus Q has a factor (x + 1) as before in (i).
However, letting Q(x) = (x + 1)R(x) , then M1
[x+1DRMP+P)—PR+(x+DRN(x+1) =(x+1)%R?
and so
(x + 1)(RP + RP' — PR") — PR = (x + 1)R?
Letting x = —1, P(—1)R(—1) = 0, but P(—1) # 0 as P and Q have no common factors, and so
R(—1) = 0 which means that R in turn has a factor (x + 1). Al
Thus Q must have a factor of (x + 1)2.
Suppose Q(x) = (x + 1)"S(x) ,where n =2 and S(—1) # 0 M1

Then
[Q(P +P") — PQ'l(x + 1) = Q?

becomes
(x+ D[+ DS(P+P) — P(n(x + D" 1S+ (x + DS)] = (x + 1)?152
Dividing by the factor (x + 1)™ gives,
[(x + DSP +P) —P(nS + (x + DSH] = (x + D"S?
Al

Letting x = —1, nP(—1)S(—1) =0,but n # 0, P(—1) # 0and S(—1) # 0 giving a
contradiction and hence no such P and Q can exist. El
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1 1 A+ (1 +x") (x — 1x"
14+x" 1+x™1 (14+xNDA4+x™1D) (1 +x7)(1+x71)

Bl

Therefore

N N
D G - e e T el T

1(1+xr)(1+x”'1)_(x—1) 11+xr 1+x™1)  (x=DIl14+x 14xN+1
r= r=

M1 M1 A1l
As N - o, as |x|<1,?1,v+1—>1 M1
So
i X" 1 [1 1]_ 1 1—1—x]_ X x
1(1+xr)(1+xr+1) T x-DIl1+x T x-DL 14+x 1 x2—-1 1-—x2
r=
A1 * (6)
(ii)
by oL 2 2
SCNY) = osh(ry) — e + e 1+ e-2ry
Ze—(r+1)y
sech((r + l)y) =m
M1
Thus
4e Ve 1Y
sech(ry) sech((r + 1)y) = AT o)+ o207
Al
Soif x=e7%Y, M1
z sech(ry) sech((r + l)y) = 4e z TR = 4e 1-2
r=1 r=1
Al Al
Thus
= e~y 2
— =y - = [
Z sech(ry) sech((r + 1)y) 4e ot 2e I

r=1
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[oe]

Z sech(ry) sech((r + 1)y) = 2e 7Y csch(2y)

r=1

M1 A1* (7)
(iii)
z sech(ry) sech((r + 1)y) =2 [Z sech(ry) sech((r + 1)y) + sech y]
r=—o00 r=1

M1 A1l
-y -y
= 2[2e™ esch(2y) +sechy] = 2 [sizneh 2y * coslh y] =2 [sinh; coshy * coslh y]
Al M1 Al
_ 2 [Ze—y +.e3’ — e-y] _ 2 [2 c?shy _ 2cschy
coshy 2sinhy coshyl2sinhy
M1 Al(7)
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5. (i)
A+t =14 (M) g (B D) m (2 Dy mat g yzmin
m

1 m+1
Bl
—14 (2m1+ l)x I (me+ 1) R (me+ 1) ML 4 g e2mt
M1
= 1= 22m+l _ o [1 n (2m1+ 1) R (me+ 1)] > 2 (me+ 1)

M1

and hence <2mm+ 1) < 22m A1* (4)

(ii) (me+ 1) = % is an integer. El

If p is a prime greater than m + 1 and less than or equal to 2m + 1, then p is a factor of (2m + 1)!

El

and is not a factor of (m + 1)!'m!, E1 and so it is a factor of El

(Zm + 1)
m .
Therefore, Py, 41 2m+1 » Which is the product of such primes, divides (me+ 1). El

Hence, kP41 om+1 = (me+ 1) where k > 1is an integer, M1 and hence

1(2m+1

1 .
Priiomer =3 m ) < ;sz s Pryiomer < 22™  AL*(7)

(ii)) Prom+1 = Pum+1Pm+1omet M1

m=21l=>m+m=m+1ie m+1<2m andso P4 < 4™m+*1 3pplying given condition E1

By (ii), Prg12mer < 2°™ = 4™ M1

Thus, Pyomyq < 4MF14M = 42M+1 55 required. Al* (4)

(iv) Suppose P, < 4™ forall m < k for some particular k > 2. El

Thenif k = 2m, Py yq < 4% by (iii). E1

Piomiz = Promer < 42™HE < 42M*2 (equality as 2m + 2 is not prime) using (iii). El
Soif k=2m+1, Pypyq <41 . E1

P,=2< 4?2 and hence required result is true by principle of mathematical induction. dE1 (5)
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R cosh(x + y) = R(cosh x coshy + sinh x sinh y)
So we require A = Rsinhy and B = R coshy which is possible if B > A4 > 0
Thus R =VB2 — A% and y = tanh_lg. B1
If B=A,then Asinhx + B coshx = Ae”* B1
If —A < B < A,then Asinhx + B coshx can be written

R sinh(x + ¥) = R(sinh x cosh y + cosh x sinh y)

requiring A = Rcoshy and B = Rsinhy.

So R=vVA?2—-B? and y = tanh_lg B1
If B=—A,then Asinhx + Bcoshx = —Ae™™* B1

IF B < —A,then Asinhx + B coshx can be written R cosh(x + y)-
requiring A = Rsinhy and B=Rcoshy ,s0 R=—-VB?—-A? and y = tanh‘lg B1(5)
(i) y=atanhx + b = sechx M1

Thus asinhx + bcoshx =1 Al

So Vb% — a? cosh (x + tanh™! %) = 1 using first result of question M1

@y 1
cosh (x + tanh b) = —bz —

a 1
x + tanh™1 5= + cosh™1 (—)

Vb2 — a2
M1
and so
x = +cosh™? (;> —tanh™? a
= Vb2 — g2 b
Al1* (5)
(ii)
1 b
x = sinh™! (—) —tanh~1—
2z — b2 a

M1 A1 (2)
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(iii) For intersection to occur at two distinct points, we require two solutions to exist to the
equations considered simultaneously. Considering the two graphs, there can be at most only one
intersection, which would occurfor x > 0,if b < 0.

Thus we require b > a and (ﬁ) >1 M1
Thatis a<b <va?+1. Al

Similarly vice versa, if these conditions apply, then there are two solutions and hence two
intersections. E1 (3)

. . . . . 1
(iv) To touch, we require two coincident solutions. i.e. (\/z) =1

bZ_aZ
Thatis b = vVa? + 1 , and equally, if this applies then they will touch, El
so
x = —tanh™!
a’+1
M1

2
and thus y = atanh (— tanh™! \/%) +Vat+1=-— aaZ+1 +Vat+1= a;+1

Al M1  A1(5)
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thenif 0<r<n-1,

So 1,w,w?, ..., w"

~Larethenrootsof z" =1, thatisof z"—1=0. Al
Thus (z — w") isafactorof z" — 1 B1

Hence z" —1=k(z—1)(z — w)(z — w?) ...(z — @™ 1) and comparing coefficients of z"* ,k =1

M1
Soasrequired (z—1D)z—-w)(z—w?)..z—-w™ ) =2z"-1 A1* (5)
(i) Without loss of generality, let X, be represented by w” M1
Then P will be represented either by ren?i =2z,or re(gﬂt)i =z with |OP| =7 M1
mi mi mi
|PXo| X |PX{| X .. X |PX_1| = |1 — ren||w — ren|..|0" 1 — ren
M1
=lz-Dz-w)z—-w?)..z-o" )| =]z"-1| = |re™ - 1| = |-r" -1 =r"+1
Al Al Al*
or |Z/™ —1| = |[rre+Dml — 1| = |yne™en™ — 1| = |—r" — 1| = 1" + 1 as e™™ = 1 because n
is even. E1(7)
So |PXy| X |PX{| X ... X |PX,,_1| = |OP|™ + 1 as required.
For n odd,
[PXol X [PXy| X . X |PXpq| = |20 = 1| = |r"e™ —1| = |-r* = 1| ="+ 1= |OP|" + 1
M1 A1
or

IPXol X |PXq| X . X |PXp_q| = |2/™ = 1| = [rPe® DT — 1| = 7" — 1| = |OP|* — 1
B1

if |OP|>1,and =1—|0OP|"if |OP| <1 A1(4)
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(ii)
[XoX1] X |XoX2| X oo X |XpXp_q] = (1 — 0)(1 = @?) .. (1 — 0™ )]

M1
But
-Dz-w)(z-w?).z-"H)=2z"-1
and so

zm—1

z-w)(z—-w?)..(z—o™1) = ——1 = g1y m=2 4 4
M1

(z—w)(z—- a)z) w(z— wn_l) =142 4 .41
Al

istrueforall z soforz=1,(1-w)(1—-w?)..1-w"H)=1+1+--+1=n Al*(4)
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8.() f)+A—-x)f(—x)=x?

Let x = —u, then f(—w) + (1 — —Wf(— —w) = (—w)?

e, f(—u) + (1 +wWfw) = u?

Let u =x,then f(—x) + (1 +x)f(x) = x? as required. El
Substituting for f(—x) from the equation just obtained in the original, M1

fO)+ -0 - A +0f @) = 22

Thus x%f(x) = x3,and hence f(x) =x M1 A1
Verification:- x + (1 —x) X —x = x — x + x? = x? as required. B1(5)
(i)
x+1
K(K( ))_K<x+1)_(x_1)+1_x+1+x—1_2x_
A _(X+1)_1_x+1—x+1_ 2
x—1
M1 M1 A1* (3)
as required.
x+1
g(x)+xg(x_1)=
So
x+1
(x+1)+(x+1) (x—1)+1 _(x+1)
I\x—1 x—1)9 (x+1)_1 T \x -1
x—1
M1
That is
<x+1) (x+1> ()_(x+1>
9 x—1 x—1 g T \x—1
Al

So substituting for g (i—j) from the equation just obtained in the initial equation M1

g+ () () o) -

[((x—1) —x(x+D]gx)+x(x+1)=x(x—-1)

(—x2 — Dg(x) = —2x
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2x

gx) = m
M1 A1* (5)
Not required - verification:-
x+1
2x 2(x_1) 2 2+ D(x—-1) | 2x 2(x%2 -1)
(x2+1)+x<(x+1)2+1> “wrrn \arprra-0?) T@rD T2 D
x—1

L 2x+x(x* -1 xQ+x*-1)
o @F+D T (xk*+D

as expected.

(iii)
1
1—x

h(x)+h(%)=1—x—

(Equation A)

(i)

T-x 1—x
M1 A1l
Thus
i)+ () =1- () + ()
1—x X B 1—x X
(Equation B)
Then
il(x-— 1)-+Il< 1 > B x—1 1
X x—=1y ) _-( x ) - x—1
1__( X ) 1 ( X )
M1 A1l
That is

() = 1= () -

(Equation C)
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A+C-B gives M1

2h@)=1—X—Té;+1—<x;1>—x—<1—(1

Al
2h(x) =1—2x
So
1
h(x) = ST
Al (7)
Not required - verification:-
1 N 1 1 1
2 YT T x T 1—x

as expected.
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2 [3q = 2 i —gsect o2

9. PX = 3 3a = ﬁa or alternatively PX = asec, = \Ea M1 A1l
L2 "

So the extension is \/ga l. Al1* (3)

1

2
ﬁa+x) M1 A1

Displacing X a distance x towards P, RX will be \/az + (

and thus the tension in RX will be

A 2+(1 +)2 l A 42+2 +x2 -1
- a —a+tx) — == —-a —ax + x° —
l V3 \J3~ V3

M1 A1* (4)
The cosine of the angle between RX and PX produced will be
1
—a+tx
V3
1 2
a2+<—a+x>
V3
Bl
so the equation of motion for X , resolving in the direction XP is
—=a+x
A2 Al (4 2 ¢
—(—a—l—x)—Z— —a’?+—ax+x%—1 V3 = mi
[\\V3 l 3 V3 1 2
a2+<—a+x)
V3
M1 A1 A1 (4)
1 1
—a+x l(—a+x)
4 2 1
—a?+—ax+x?-1 V3 =—a+x-— V3
3 V3 1 2 V3 1 2
a2+<—a+x) a2+<—a+x)
V3 V3
so
ia+x
A2 Al |4 2
—(—a—l—x)—Z— —a?+—ax+x? -1 V3
I\\V3 l 3 NE) 1 2
a2+(ﬁa+x)
M1 A1
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AW )BT .
a2+(—a+x
V3
-1
A 3 +2/1<1 + )(4 2+ + 2)7
=—-1-—x —a+x)|{za*+—=ax +x
l NE) 3 V3
-1
31 1 V3 V3x  3x%)?2
——A—Tx+2/1(ﬁa+x>%<1+75+m>
Al
31 1 V3 3x
—A—Tx+/1<ﬁa+x>—<1—ja>
M1 A1l
31 V3lx V3 Ax
~—A-—x+1+ -
l a 4 q
M1
31 3V31x
B lx 4 a

31
= ~ila (4a — \/§l)x
Al

This is approximately the equation of simple harmonic motion with period

2m e 4mla
J 31_ (4 — VA1) 3(4a —/31)2

4dmla

as required. M1 A1*(9)
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10. Resolving upwards along a line of greatest slope initially, if the tension in the string is T,
2

u
TcosfB —mgsina =m
g g acospf
M1 M1 B1 A1l (4)

Resolving perpendicular to the slope, if the normal contact force is R,
R+ Tsinff—mgcosa =0

M1 A1 (2)
The particle will not immediately leave the planeif R > 0. M1
This is
mgcosa > Tsinf
Al
So
i + in
mgcosa > macosﬁ i asinﬁ
g cosf
M1
That is
u>
gcosacosf > gsinasinf +7tanﬁ
which becomes ag(cos a cos f — sina sin ) > u? tan § M1
or, as required, ag cos(a + ) >u?tanf Al* (5)

A necessary condition for the particle to perform a complete circle whilst in contact with the plane is
that the string remains in tension when the particle is at its highest point in the motion. E1

If the speed of the particle at that moment is v, then conserving energy,
1

1
Emu2 = Emv2 + mg2acos B sina

M1 A1
and thus v2 = u? — 4ag cos fsina

Resolving downwards along a line of greatest slope, if the tension in the string is now T”,

172

T'cosfp + mgsina =m
A g acosf

B1
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T'">0= m(acozsﬁ —gsina> >0
[\
which means that
u? — 4Zi§:;ﬁsina _gsina >0
Thus u? > 5ag cos B sina A1 (6)

As we already have ag(cosa cosf — sina sinf) > u?tanf3
5ag cosBsinatan f < ag(cosacosf — sinasinf)
M1
So 5sinasinff <cosacosf —sinasinf

i.e. 6sinasinfS <cosacosf or,asisrequired, 6tanatanf <1 M1 A1* (3)
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11. (i) Suppose R = kv for some constant k

P

ThenasB—R=ma,i—4kU=0givingk= > B1
v 4U 16U
Asmazf—R,mvﬂzi—kv M1
v dx v
Separating variables,
muv?
jp_kvzdv—fdx
M1
So
mf 16U%v? 3 fd
1602 — )
16U?%v? _ 1602 16U? e 16U2( 2U N 2U
16U2 —v2 16U2 — v? h 4U—-v 4U+v
M1 Al
So
m 2U
[16U2 = (=2UIn(4U —v) + 2U In(4U + v) - v)] =
U
M1 Al
16muU?3
X, = P (=2In2U+2In6U —2+2In3U —2In5U + 1)
Thus
AX, =21 (6UX3U> 1=21 2 1
1= M uxsy)” T4 "s
M1 A1 (9)
(ii) Suppose R = uv? for some constant u
i_ 2 _ .. _
Then " l6uU~ =0 giving u = TS B1
. P
Again, as ma = 5 R,
dv P e
dx v pom = v
muv?
P v’ dv = fdx
M1
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So

—m 2u
—In(P - ;w?’)] =X
[3;1 U z

M1 A1
_—64U3m( 7o 63P)_—64U3m1 8
2=73p \"g" " Mes )T 3p Mo
Thus AX, = glnz M1 A1 (6)

(iii) ,1X1—szzzmg—1—§1n§=41n3—21n5—1—§1n3+41n2
M1
4 1 1
=3In24-2In5-1>2(4x3.17 — 6 X 1.61 ~ 3) = 3(12.68 ~ 9.66 — 3) > 0

Al M1 Al

So Xj is larger than X, A1l (5)
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12.() X ~ B(100m,0.2) B1

So 1 =100n x 0.2 =20n M1A1 and 6?2 =100nx0.2x 0.8 =16n M1A1

So P(16n < X < 24n) = P(]X — 20n| < 4n) = P(|X — 20n| < vn x V16n)
M1 M1 A1

2
So by Chebyshev, P(16n < X < 24n) >1— (\/%) =1 —% as required. A1* (9)

(i) Suppose X ~ Po(n) B1
Thenu=n Bland 62=n Bl

1
By Chebyshev, P(|X — u| > ko) < =

solet k =+/n and hence P(|X —n| > n) S%

M1 Al
nze—n nZne—n
P(JX—n|>n)=PX <0o0rX >2n)=P(X >2n) = 1—e‘n—ne‘"—T ----- o
M1 Al Al
_ T LU e W §
sol—e(1+n+ 4+t )< M1 Al
2 2n
and hence 1+n+n—+--~+n—2(1—l)e" Al* (11)
2! 2n! n
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13. let Y=X—a,then gy =E(Y) =EX —a) =E(X) —a=p—a B1
E((Y —u)M) =E((X —a—pu+a)") =E(X - "
B1
oy’ =E((Y —pu)) =E((X—a—-p+a)?) =E(X-w?) =0°
B1

so the kurtosis of X — a is
EQ =), E@—w)")

3
oyt ot
which is the same as that for X B1* (4)
(i) If X ~N(0,0?) then it has pdf
-1 2
1 eT(g)
oV2m
So
E((X - )®) fw L7 f°° LSy
— = X ez2\o/ dx = xX°x e 2\o/ dx
H —o0 ov2ln —0 oV2im
M1 A1l
By parts,
o 1 —1xy? 1 -1yx?]” *® 1
f x3x 67(5) dx = [x3 X —g? eT(E) ] —f 3x?% X —g?
—» oV2n oV2an o —oo oV2m
M1 A1l

=0+ 30%0% = 30*
Al

So the kurtosis is

as required. (5)
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(if)
n 4
T* = (Z Yr> = Z(YT4 +4Y, %Y, + 6V, + 12V, VY, 2 + 24V, V.Y, Y,,)
r=1

M1 Al

where the summation is over all values without repetition.
As the Ys are independent, the expectation of products are products of expectations and as

E(Y)=0,

E(TY) =E z(y +6%,2Y,2)) = (i . )+E<n—1 Zn: 6yr2y52)

r=1 r=1s=r+1
M1
E(Y ) +6 E(Y E(Y2)
A1* (4)
(iii)
E—"
— 3=k

Let Y; = X; — u then by the first result, the kurtosis of Y; is ,

i.e.
E(v*
# — 3=k
o
so E(Y*) = (B +K)o* M1 A1l
n
(&)
i=1
and
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so the kurtosis of

is
E(ER Xm0 E(EL 0N,
(no2)2 n2g4
M1
Let
n
T = z Y,
r=1
Then we require
E(T%
n2g* 3

which by (ii) is
e E(0) + 65751 X5 E(RO)E(T)
n?g*

M1 A1l

_nB+K)g* +3n(n—1)o0? 3_3+K+3(n—1)—3n_;c
n n

n2g*t

A1* (7)
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